Abstract A graph G is called uniquely k-list colorable (UkLC) if there exists a list of colors on its vertices, say L = {S v | v ∈ V (G)}, each of size k, such that there is a unique proper list coloring of G from this list of colors. A graph G is said to have property M (k) if it is not uniquely k-list colorable. Mahmoodian and Mahdian [7] characterized all graphs with property M (2). For k ≥ 3 property M (k) has been studied only for multipartite graphs. Here we find bounds on M (k) for graphs embedded on surfaces, and obtain new results on planar graphs. We begin a general study of bounds on M (k) for regular graphs, as well as for graphs with varying list sizes.
of G if it has the following conditions:
G is called a uniquely L-list colorable graph if there exists a collection of sets L = {S v | v ∈ V (G)} from which we have exactly one proper list coloring of G; G is also called a uniquely k-list colorable graph (UkLC), if each list has a size of k. In the opposite sense, a graph has property M (k), M for Marshall Hall, if and only if it is not uniquely k-list colorable. For example, every graph is U1LC and so does not have property M (1). UkLC was independently introduced by Mahmoodian and Mahdian [8] and by Dinitz and Martin [1] .
Mahdian and Mahmoodian [7] proved the following theorem.
Theorem A ([7]) A connected graph has property M (2) if and only if every block of the graph is either a cycle, a complete graph, or a complete bipartite graph.
Also complete multipartite U3LC graphs are completely characterized in [4, 10, 5, 13] . All but finitely many complete multipartite graphs with at least six parts that are U4LC are characterized in [11] . In [9] it is shown that recognizing uniquely k-list colorable graphs is p 2 -complete for every k ≥ 3. As k increases, it gets more difficult to characterize UkLC complete multipartite graphs [12] .
In [3] χ u (G) is defined as follows:
Definition 1 A UkLC graph G is (k, t)-list colorable if it has a list color assignment on vertices of G such that the number of different colors in the union of all lists is at most t. For a graph G and a positive integer k, we define χ u (G, k) to be the minimum number t such that G is uniquely (k, t)-list colorable and 0 if G is not uniquely k-list colorable. The uniquely list chromatic number of a graph G, denoted by χ u (G), is defined to be max k≥1 χ u (G, k).
The following theorem on χ u (G, 2) is also given in [3] .
Theorem B ([3]) A graph G is uniquely 2-list colorable if and only if it is uniquely (2, t)-list colorable, where t = max(3, χ(G)).
Later we show that for k ≤ 3 every k-regular connected graph G has χ u (G) ≤ ∆ + 1 = k + 1. This proves a conjecture in [3] in some cases.
Let m(G) be the least k for which a graph has property M (k). Equivalently k = m(G) − 1 is the largest integer k such that G is UkLC. It can be proved easily that for every graph G, 2 ≤ m(G) ≤ min(δ + 2, n − 1) where δ is the minimum degree of G with n vertices.
Theorem C ([3]) Suppose H is an induced subgraph of a graph G with the following property:
-H has property M (k), and -each vertex of H is adjacent to at most l vertices of V (G) \ V (H).
Then G has property M (k + l).
In the later sections, we obtain a lower bound on the average degree of all UkLC graphs. Based on this lower bound, we will state some results about planar graphs, graphs on surfaces and regular graphs. Additionally in the last section, we study the graphs where the lists of colors may have different sizes.
Main results
Consider a graph G = (V, E) with a given k-list assignment L, and let c be an L-list coloring of G. We call the following procedure on G a (G,c)-directing procedure.
1. For each edge (u, v) ∈ E(G), we give a direction from v to u if the following two conditions are satisfied: -u is the only neighbor of v with color c(u), and
Denote the (partially directed) graph that is obtained so far in the directing procedure as G ′ . For each pair {v,t} with v ∈ V (G ′ ) and t ∈ L(v) \ {c(v)}, consider A = {a 1 , a 2 , . . . , a r }, the set of all the neighbors of v with c (a i ) = t. For each such pair {v,t} for which exactly one of the edges between v and the vertices of A is undirected, say e = (v, a i ), and all other edges are directed to v, then simultaneously direct each of these edges e from v to a i . If, after giving all such directions, a vertex and a color appear having such property, then we go to Step 2 again. Otherwise terminate the procedure. Definition 2 A (t 1 , t 2 )-color alternating path in a graph is a path that is properly list-colored with colors t 1 and t 2 . A directed (t 1 , t 2 )-color alternating path in a partially (or totally) directed graph is a (t 1 , t 2 )-color alternating path with all edges directed coherently (all in one direction).
Lemma 1 If G is UkLC, then there is no bidirectional edge in D(G, c).
Proof Note that if in Step 1 one edge is bidirectional, then colors on the endpoints can be switched and G is not UkLC. Otherwise, suppose that i > 1 is the least number such that D(G, c, i) has a bidirectional edge e = (u, v) and let
. Consider S, the set of all vertices in G ′ that have a directed (c(u), c(v))-color alternating path to either u or v. Now we can switch colors of vertices in S between c(u) and c(v) and get a new coloring c ′ , as explained below.
For each vertex x ∈ S, if the edge e ′ of x in the color alternating path from x to u or v is directed in Step 1 of the directing procedure, then x has no other adjacent vertices with colors c(u) or c(v). Otherwise, if the edge e ′ of x is directed in Step 2 in the directing procedure, then all neighbors of x with color c(u) or c(v) must have a directed edge to x except e ′ and so they also must be in S. So c ′ is another proper coloring of G and we can conclude that 
The next result appeared in [2] ; here we give an equivalent formulation with alternative short proof which also may be used to prove Theorem 1.
Theorem 1 All graphs with average degree less than 2k − 2 have property M (k).
Proof Suppose that there is a UkLC graph G with average degree less than 2k − 2; let d(v) denote the degree of vertex v in V (G). Then there exists a proper coloring c on G, and let
be the number of vertices adjacent to v with color t. Since G is UkLC, it is clear that N (v, t) ≥ 1. Now there are two situations:
-N (v, t) = 1: Obviously this edge is directed out of the v in Step 1 of the directing procedure.
Now if we sum up these inequalities over all vertices of G * , then we can conclude that:
The above inequality contradicts the fact that the sum of the in-degrees of all vertices is equal to the sum of the out-degrees of all vertices, and the proof is complete.
⊓ ⊔ Also there exist infinitely many UkLC graphs such that their average degrees tend to 2k − 2. So the theorem above gives a tight inequality for the average degree of UkLC graphs. mod (k+1) ) . In a list coloring of the resulting graph, vertex j of graph G i must be colored with (i+j) (mod (k + 1)). Since there is a unique coloring of vertices 1, 2, · · · , k − 1 of each G i , there is a unique coloring of the rest of the graph. Thus the proposed graph is UkLC, and the average degree of this graph equals to:
Lemma 3 The inequality in
The latter expression converges to 2k − 2 when n → ∞. ⊓ ⊔ By Theorem 1 we can conclude the following statements about planar graphs.
The following two corollaries were stated in [2] .
Corollary 1 Each planar graph has property M (4).
Proof By Euler's formula, for any planar graph G(V, E), |E(G)| ≤ 3 |V (G)|−6. So the average degree of any planar graph is less than 6. Hence all planar graphs have property M (4). ⊓ ⊔
Corollary 2 Every triangle-free planar graph has property M (3).
Proof Again according to Euler's formula, the average degree of any trianglefree planar graph is less than 4, so all of them have property M (3). ⊓ ⊔
Corollary 3 Every outer-planar graph has property M (3).
Proof Let G be a connected outer-planar graph. If G has |F (G)| faces, then We also introduce a U3LC planer graph that does not contain any K 4 as a subgraph. It is a counterexample for a Conjecture in [2] . In the graph shown in figure 2 , we assign list of colors {1, 2, 3, 4} \ {i} to all of the vertices of G i (1 ≤ i ≤ 4). The proof of uniqueness of coloring is similar to Lemma 3.
With the same average-degree method as in Corollary 1, which showed every planar graph G has property M (4), it is easy to deduce that graphs on nonplanar surfaces have property M (k) for some k. If a graph G has a 2-cell embedding on a surface of Euler genus g ≥ 1, it satisfies the EulerPoincaré formula |V (G)| − |E(G)| + |F (G)| = 2 − g so that its average degree is bounded by 2
|V (G)| . For g ≥ 1, define the Heawood number to be
⌋. It is known that every graph that embeds on a surface of Euler genus g ≥ 1 has chromatic number at most H(g) and also has list chromatic number at most H(g) [6, pages 3, 20] . Just as for the plane, average degree arguments show that for a graph G on a surface of Euler genus g ≥ 1, G has property M (H(g) − 1), but more is true as shown in the next theorem.
Theorem 2 Given integer
i ≥ 2, if g ≥ (2i 2 −3i+1) 3
and if a graph G embeds on a surface of Euler genus
g, then G has property M (H(g) − i). Equivalently given g ≥ 1, if i ≤ (3+ √ 24g+1) 4
and if G embeds on a surface of Euler genus g, then G satisfies property M (H(g) − i).
Proof Suppose G with n = |V (G)| vertices embeds on a surface of Euler genus g ≥ 1. From Euler's formula its average degree is bounded by
n . We consider two cases. [8] . Otherwise G is a proper subgraph of K H(g) and its average degree is strictly less than H(g) − 1. We have
. Then:
Thus we have again that m(G) ≤ H(g) − i by Theorem 1.
⊓ ⊔
We do not have examples to show that these bounds are best possible. Question 2 What is the best upper bound for the m − number for all but finitely many k-regular graphs?
In the following we answer these questions for k = 3, we investigate them in depth for k = 4, and we show that m(G) ≤ k for all k-regular graphs G.
Theorem 3
⊓ ⊔
Definition 4
We define a Strip Triangle ST n to be a graph that is obtained by adding a new vertex, say t, for each pair of adjacent vertices (u, v) ∈ P n+1 and replacing the edge (u, v) by a triangle on {u, t, v}.
Theorem 4 There exist infinitely many 4-regular graphs G with m(G) = 3.
Proof Consider H n as a graph which is obtained by extending ST n by "hanging" a K 5 on each degree-two vertex t ∈ V (ST n ). Hanging a K 5 on a vertex t means replacing an edge (u, v) of K 5 with the path (u, t, v). So H n is a connected 4-regular graph. We prove that m(H n ) = 3: We know that H n contains an induced subgraph K 4 , so by Theorem C it follows that H n has property M (3).
⊓ ⊔
The following corollary is immediate from Theorem 1. and also for each bidirectional edge in the graph there is a new list coloring, the number of list colorings is at least: 
So the average degree of G is at least
Proof The proof is similar to Theorem 1.
The next theorem suggests a test for cases when equality holds in Theorem 6. Then Theorem 7 could be used to identify some non-uniquely list colorable graphs.
Theorem 7
Suppose that G is a uniquely list colorable graph with list assignment L, with n vertices, and average degree n i=1 (2(ki−1)) n · Then for each color in the union of members of L, say t, the following condition holds:
In this inequality, V (t) denotes the set of vertices with color t, V (t) is V (G) \ V (t), and b t denotes the number of vertices in V (t) with at least one neighbor in V (t) and containing t in its list. Also, d t denotes the number of edges between V (t) and V (t).
Proof Suppose C = vi∈V (G) L(v i ) denotes the set of all colors that exist in the union of members of L. For each color t ∈ C, we put aside V (t) and remove t from lists of vertices in V (t). (It is clear that there is no vertex in V (t) with t in its list and has no neighbor in V (t).) Then if we write the equation in Theorem 1 for the remained graph, the following equation results: If we sum up the above equation for each color t ∈ C, the claims will be proved.
Further problems
Conjecture 1 All graphs with average degree 2k−2 have property M (k) (changing "less than" to "equal" in Theorem 1).
